We analyze the radiation emitted from a scalar source swirling around a black hole using quantum field theory in curved spacetime. We show that for relativistic circular orbits the emitted power is about 30% smaller than what would be obtained with quantum field theory in Minkowski spacetime. We also show that most of the emitted energy escapes to infinity. Our formalism can be promptly adapted to investigate other similar processes.
Observational confirmation of the existence of black holes is one of the most important problems in astrophysics. Recently a number of compact objects in X-ray binary systems were identified with black holes since a careful analysis has shown that their masses are far beyond any general-relativistic limit accepted for dead stars [1] . There also exists indirect evidence of the presence of supermassive black holes in the center of some galaxies [2] . Notwithstanding, an unambiguous confirmation of the existence of black holes would require the observation of effects due to the event horizon itself. This is expected to be achieved through precise measurements of the electromagnetic radiation emitted from black hole accretion disks [3, 4] , and from the gravitational radiation emitted from companion stars orbiting black holes [5, 6] . Because radiation from sources orbiting black holes plays such a crucial role in modern astrophysics and because increasingly precise measurements are leading to the observation of relativistic effects occurring in the vicinity of the horizon [7] , a comprehensive investigation of how radiation-emission processes are modified by the nontrivial curvature and topology of the black-hole spacetime would be necessary. This is naturally achieved by using quantum field theory in curved spacetimes (QFTCS). We believe that QFTCS will become increasingly important in black-hole astrophysics.
In this paper we analyze the radiation emitted by a swirling scalar source around a black hole using QFTCS and compare the results with those obtained using quantum field theory in Minkowski spacetime (QFTMS). We show that the results from QFTCS and QFTMS coincide asymptotically (as expected on physical grounds) but considerably differ close to the last stable circular orbit. We also calculate the amount of emitted energy absorbed by the black hole. We use natural units c =h = G = 1 and signature (+ − −−) throughout this paper.
According to the vacuum Einstein equations, a nonrotating black hole with mass M is described by the Schwarzschild line element
where f (r) = 1 − r S /r and r S ≡ 2M is the Schwarzschild radius. Let us now consider a circularly moving scalar source at r = R with constant angular velocity Ω > 0 (as measured by asymptotic static observers) on the plane θ = π/2 described by
where g ≡ det(g µν ), q = const determines the magnitude of the source-field coupling, and
is the four-velocity of the source. Note that dσj(x µ ) = q, where dσ is the proper threevolume element orthogonal to u µ . Let us now minimally couple j(x µ ) to a massless scalar fieldΦ(x µ ) as shown in the total Lagrangian density
We look for positive-frequency modes as measured by static observers outside the black hole in the form
where 2u ωlm = 0. In this case the functions ψ ωl (r) satisfy the differential equation
with the following scattering potential (see Fig. 1 ):
In terms of the dimensionless tortoise coordinate x ≡ r/2M + ln(r/2M − 1), Eq. (4) can be rewritten as
The scalar field can be expanded in terms of the complete set of positive-and negativeenergy modes asΦ
The modes u ωlm are Klein-Gordon orthonormalized:
where n µ is the future-pointing unit vector orthogonal to the Cauchy surfaces Σ t with t = const. Then the creation and annihilation operators, a in † ωlm and a in ωlm , satisfy the usual commutation relations
We see from Eq. (6) that close and far away from the horizon, the modes 
and
where h (i)
are spherical Bessel functions of the third kind [10] and the normalization constant A ωl = (2ω) −1 is fixed by Eq. (8). Probability conservation is guaranteed by the
The general solution of Eq. (6) is not easy to analyze [11] and thus ultimately we will perform a numerical analysis. Notwithstanding, approximate analytical results still can be obtained as follows. Let us first note that emitted particles from circularly moving sources obey the constraint ω = Ωm [see discussion below Eq. (13)]. Thus, particles with m = 1 (which turn out to be the most important ones for our purposes) emitted from sources in stable circular geodesic orbits (R > 6M, Ω = M/R 3 ) [12] have maximum frequency
is the maximum of the scattering potential V S . Hence particles with small angular momentum have small frequencies in comparison with Fig. 1 ). A similar analysis for particles with arbitrary m shows that ω 2 /V max S < 10 −1 . As a consequence, we will approximate our radial functions by their leading terms for small ω (see Eqs. (6.6) and (7.2) in Ref. [9] , and observation [13] for a misprint correction):
where P l (x) and Q l (x) are the Legendre functions. Now let us calculate the emitted power which is given by
where
is the emission amplitude at the tree level, and T = 2πδ(0) is the total time measured by asymptotic observers [14] . We have chosen the initial state |0 to be the Boulware vacuum, i.e. a 
where l, m > 0. Note that [16] 
is time independent. In Fig. 2 we plot the combined radiated power 
will be dominated by particles with small l. For circular geodesic orbits far enough from the horizon we can use Eqs. (14)- (18) to write the radiated power in a simple form:
Now let us compare our radiated power W S,em with the one calculated through QFTMS. For this purpose we consider a source in circular motion in Minkowski spacetime due to the presence of a Newtonian gravitational force. QFTMS calculations should give fairly good results for the case of a swirling source around a star that is not very dense, but not for the case of a swirling source around a black hole as it will be shown. Let us represent the scalar source in Minkowski spacetime by
We are using here usual spherical coordinates where the line element of Minkowski spacetime is given by Eq. (1) with f (r) = 1. Here the angular velocity Ω > 0 is measured by any static observer. We expand the scalar field as in Eq. (7) with Klein-Gordon orthonormalized positive-frequency modes given by Eq. (3), where in this case the radial functions are given by (see Ref. [9] )
which satisfy the differential equation
with
The qualitative difference between V S and V M lies in the existence of the event horizon in the first case (see Fig. 1 ). It is reasonable, thus, to expect fairly distinct results for processes involving particles with wavelengths λ of order r S . This is indeed true for emitted particles associated to orbits with R ≈ 6M. The total radiated power calculated in QFTMS is
where we have used the Minkowski vacuum as the initial state. Asymptotically, the radiated power for geodesic motion is
where we have used Kepler's third law Ω 2 R 3 = M obtained in Newtonian physics for particles in free-fall circular orbits. Note that the r.h.s. of Eqs. (19) and (24) are identical, as expected on physical grounds. Moreover, in order to compare Eq. (23) with the radiated power obtained through classical field theory, we have adapted the standard derivation of Larmor's formula for electric charges (see, e.g., Ref. [17] ) to the case of scalar sources, obtaining
where a is the proper acceleration of the source with an arbitrary trajectory. For circular orbits a = γ 2 Ω 2 R. We have obtained full numerical agreement between Eq. (25) and Eq. (23) for arbitrary values of Ω and R.
In Fig. 3 we plot the ratio W S,em /W M,em for geodesic motion. For Ω → 0 this ratio tends to the unity as expected [see Eqs. (19) and (24)]. As we approach the last stable orbit, however, our analytical and numerical results show that W S,em /W M,em < 1. Finally, it is interesting to compute in QFTCS the amount of the radiated power that escapes to infinity, namely
where ω 0 ≡ mΩ. By using
, the observed power (26) can be written as
A numerical estimate of W S,obs /W S,em is given by the dashed line in Fig. 4 . In order to obtain an analytic approximation to the transmission coefficient |
≪ 1) we firstly note that asymptotically Eq. (11) reads
Now, by fitting Eq. (28) with Eq. (9) (with ω = ω 0 ) in the limit r ≫ 2M and ω 0 r ≪ 1, we obtain
The analytic approximation of W S,obs /W S,em obtained in this way is given by the solid line in Fig. 4 . It is seen that very little of the emitted radiation is absorbed by the black hole. This is still compatible with the fact that Schwarzschild black holes have a non-negligible absorption cross section for infrared particles [18] (actually of the order of the horizon area), because the main contribution to the cross section comes from modes with l = 0, which are not emitted by our circularly moving source.
In summary, we have calculated the radiated power from a scalar source swirling around a black hole by using QFTCS. We have shown that for relativistic circular orbits the emitted power is about 30% smaller than what would be obtained by using QFTMS. We have also shown that most of the emitted energy escapes to infinity. Our calculations themselves are too idealized to be astrophysically realistic. For example, the presence of surrounding matter could trap the emitted radiation in the vicinity of the black hole because of friction effects [4] . These issues are beyond the scope of the present paper. Our aim was to point out that astrophysical processes involving particles with wavelengths of order of the Schwarzschild radius are much more accurately described through QFTCS than QFTMS. We believe that QFTCS will turn out to be increasingly relevant in the future when observation of relativistic effects occurring in the vicinity of the event horizon will become more frequent [7] . The procedure used here can be readily adapted for scalar sources following other trajectories by replacing "the scalar current" (2) by other ones (see, e.g., Ref. [19] ). The maximum ΩM considered is 0.068 which is associated with the last stable circular orbit. Our analytical calculation is more accurate to describe the emission of low-energy particles as it can be seen from the coincidence of numerical and analytical curves for small Ω. It is clear that small angular-momentum particles give the main contribution to the total radiated power.
FIG. 3.
The ratio W S,em /W M,em is plotted as a function of Ω for geodesic orbits, where the summations involved in the calculation of W S,em and W M,em were performed up to l = 3. Full and dashed lines are associated with analytical and numerical calculations respectively. Asymptotically (Ω → 0) we have W S,em /W M,em → 1. As Ω increases, however, we see that W S,em /W M,em decreases.
FIG. 4.
The ratio W S,obs /W S,em is plotted as a function of Ω for geodesic orbits, where the summations involved in the calculation of W S,obs and W S,em were performed up to l = 3. Full and dashed lines are associated with analytical and numerical calculations respectively. We note that most of the emitted energy is radiated away to infinity.
